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Gravitational energy of a Schwarzschild black hole
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Division of Computer Science , The University of Aizu, Aizu-Wakamatsu 965-8580, Japan
In a previous paper, we proposed a new gravitational energy momentum tensor. Here we use this
tensor to evaluate the gravitational energies both inside and outside the horizon of a Schwarzschild
black hole. Our results show that all of the gravitational energy exists outside the horizon, and that
there is no gravitational energy inside the horizon. We comment on a relation with our gravitational
energy momentum tensor and another one which is proposed in a teleparallel gravity.
The definition of the gravitational energy momentum tensor (GEMT) has been a long-standing problem in the field
of general relativity. Several definitions of the GEMT have been previously proposed. However, these are all different
from each other, and are generally not proper tensors. [1],[2], [3],[4],[5],[6]
We proposed a new GEMT in a previous paper. [7] It transforms correctly as a tensor under general coordinate
transformations. One of the indices of the GEMT is a local Lorentz coordinate. The law of energy conservation is
given by
∂µe(t
µ
a + T
µ
a) = 0. (1)
Here tµa is the GEMT and T
µ
a is a matter energy momentum tensor. e is the determinant of a tetrad. The Latin
indices represent local Lorentz coordinates and the Greek indices represent world coordinates in 4-D space time. This
equation is covariant under general coordinate transformations. General relativity is invariant under global Lorentz
transformations. Therefore, the global Lorentz transformations do not break the law of energy conservation.
The GEMT of the Einstein-Hilbert action is given by
et(EH)µa =
1
16pi
(eµaeR− 2eRµa + ∂λe(c λµa − cλµa + cµλa)), (2)
where c λµa ≡ gλσgµν(eaσ,ν − eaν,σ) and cλµa ≡ eλb gµνeρa(ebν,ρ − ebρ,ν). We take units c=G=1. If we write the third
term covariantly, an anti-symmetric term appears. However, because a relation ∇µcµab = 0 must be satisfied by the
law of conservation of the spin angular momentum tensor, the GEMT is symmetric.
When we consider a restricted region of space time, we add the GEMT of the Gibbons-Hawking term and its
subtraction term. These are given by
tiα(GH) = −
1
8pi
1√
|g ζζ | (e
i
αc
λζ
λ +
∂cλζ λ
∂eβk,i
cβαk), (3)
and
tiα(GH)0 = −
1
8pi
1√
|g¯ ζζ | (e
i
αc¯
λζ
λ +
∂c¯λζ λ
∂eβk,i
cβαk)). (4)
We assume that the world coordinate ζ = const. hyper surface represents a boundary and that one of the tetrads is
perpendicular to the surfaces of this boundary. i and k are world coordinates, α, and β are local Lorentz coordinates
of the 3-D space time of the boundary. λ is a world coordinate and a is a local Lorentz coordinate in 4-D space time.
c¯λζ λ is a flat space time quantity.
In this article, we evaluate the gravitational energy of a Schwarzschild black hole.[8] The metric of the Schwarzschild
black hole is
ds2 = −
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)
−1
dr2 + r2dΩ2. (5)
We first consider the energy outside the horizon. The energy density is given by
ε = tµνn
µnν , (6)
where nµ is the 4-velocity of an observer. Here, we assume a static observer. The 4-velocity at radius r is
nµ =
( 1√
1− 2M/r, 0, 0, 0
)
. (7)
2Because nµ only has a time component, we evaluate only the ttt component of the GEMT.
The coordinate system of the static observer determines the tetrad.[8], [9],[10] It is given by
eaµ =


− 1A 0 0 0
0 Asinθcosφ rcosθcosφ −rsinθsinφ
0 Asinθsinφ rcosθsinφ rsinθcosφ
0 −Acosθ −rsinθ 0

 ,
where A ≡ 1√
1−2M/r
. A naive tetrad could not be defined at the origin of coordinate.
Because the Schwarzschild black hole is a vacuum solution of the Einstein field equations , the tt
0
component of the
GEMT of the Einstein-Hilbert action is
t(EH)t
0
=
1
16pie
∂λe(c
tλ
0
− cλt
0
+ c λt
0
)
=
1
8pie
∂rec
rt
0
=
M2
8pir4(1− 2M/r)3/2 . (8)
The gravitational energy of the Einstein-Hilbert action from r = 2M to r = R is
E(EH) =
∫ R
2M
d3x
√
γtttn
tnt
=
∫ R
2M
d3x
√
γtt
0
gtte
0
tn
tnt
=
M
2
√
1− 2M/R −
M
2
√
0
. (9)
Next, we consider the GEMT of the Gibbons-Hawking term. The tt0 component of the GEMT is
tt0(GH) = −
1
8pi
et0
1√
grr
(
cλr λ +
∂cλr λ
∂eβk,t
cβ
0k
)
=
1
8pi
(
M/r2
1− 2M/r −
2
r
√
1− 2M/r +
2
r
)
. (10)
At r = R, the gravitational energy of the Gibbons-Hawking term becomes
E(GH)r=R =
∫
d2x
√
σttt(GH)n
tnt|r=R
= − M
2
√
1− 2M/R +M. (11)
At r = 2M , the gravitational energy of the Gibbons-Hawking term becomes
E(GH)r=2M = −2M + M
2
√
0
, (12)
as the trace of the extrinsic curvature is K = ∇µnµ, where nµ is the outwards-pointing normal vector. So at r = 2M ,
nµ points towards the origin of the coordinate system. Its direction is the inverse of that at r = R. Therefore, the
signature of the energy is inverse to that at r = R. The tt
0
component of the GEMT of the subtraction term is zero.
Therefore, the total gravitational energy outside the horizon is
Eout ≡ lim
R→∞
(E(EH) + E(GH)r=R + E(GH)r=2M )
= −M. (13)
3Next, we consider the gravitational energy inside the horizon. Within the event horizon, the r-axis plays the role
of time. Therefore, if we consider an observer who moves along a t = const. line, the observer is static. Then the
4-velocity of the observer is uµ = (0,
√
2M/r − 1, 0, 0).
In the same way as that used to derive the tetrad outside the horizon, we obtain the tetrad inside the horizon as
follows:
eaµ =


Bsinθcosφ 0 rcosθcosφ −rsinθsinφ
0 − 1B 0 0
Bsinθsinφ 0 rcosθsinφ rsinθcosφ
Bcosθ 0 −rsinθ 0

 ,
where B =
√
2M/r − 1.
We evaluate the GEMT of the Einstein-Hilbert action. Because only ur is non-zero, we only need t(EH)r1. This
can be obtained as
t(EH)r
1
= − 1
16pie
∂λe(c
rλ
1
− cλr
1
+ c λr
1
)
= 0. (14)
Because the boundary is the r = 2M hyper surface, the t(GH)r
1
component of the GEMT is not defined. Therefore,
the gravitational energy inside the horizon is zero. The gravitational energy of the Schwarzschild black hole exists
entirely outside its horizon and its value is the negative of the black hole mass.
In a previous paper Ref. 10, the authors evaluated the gravitational energy of a charged black hole. In their case, the
gravitational energy enclosed by a spherical surface of constant radius r was given byE(r) = r(1−
√
1− 2M/r +Q2/r).
This is clearly different from our result, as the gravitational energy is positive. Some researchers of teleparallel gravity
have also proposed an alternative GEMT,[12], [13] which is also different from ours. It is given by
16pitµa = c
σλ
a(c
µ
σλ + c
µ
λσ − cµσλ)− 2cσaσcλµλ − 2cσλσcµλa + eµa(R− 2∇σcλσλ) (15)
in our notation. We can rewrite this GEMT as follows:
tµa = t
µ
a(1) + t
µ
a(2),
16pitµa(1) ≡ eµaR− 2Rµa +∇λ(cµλa + c λµa )−
1
2
caλσc
µλσ + cλσa(c
λσµ + cσλµ), (16)
16pitµa(2) ≡ ∇acλµλ +∇µcλaλ − 2eµa∇σcλσλ − 2cλaλcσµσ − cσλσ(cµλa − c µaλ )
− 1
2
(cµσλcσλa − caλσcλσµ). (17)
Because ∂µ e t
µ
a(2) = 0 is satisfied, the energy conservation law becomes
∂µe(t
µ
a(1) + t
µ
a(2) + T
µ
a )
= ∂µe(t
µ
a(1) + T
µ
a )
= 0. (18)
We should therefore consider tµa(1) to be the GEMT, which is equivalent to our own GEMT.
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